Ultrashort Focused Electromagnetic Pulses by der Brügge, Daniel an & Pukhov, Alexander
ar
X
iv
:0
80
8.
39
13
v1
  [
ph
ys
ics
.cl
as
s-p
h]
  2
8 A
ug
 20
08
Ultrashort Foused Eletromagneti Pulses
Daniel an der Brügge, Alexander Pukhov
Institut für Theoretishe Physik I, Heinrih-Heine-Universität Düsseldorf, D-40225, Germany
(Dated: November 2, 2018)
In this artile we present a losed analytial desription for few-yle, foused eletromagneti
pulses of arbitrary duration and arrier-envelope-phase (CEP). Beause of the vetorial harater of
light, not all thinkable one-dimensional (1D) shapes for the transverse eletri eld or vetor potential
an be realized as nite energy three-dimensional (3D) strutures. We ope with this problem by
using a seond potential, whih is dened as a primitive to the vetor potential. This allows to
onstrut fully onsistent 3D wave-paket solutions for the Maxwell equations, given a solution of
the salar wave equation. The wave equation is solved for ultrashort, Gaussian and related pulses
in paraxial approximation. The solution is given in a losed and numerially onvenient form, based
on the omplex error funtion. All results undergo thorough numerial testing, validating their
orretness and auray. A reliable and aurate representation of few-yle pulses is e.g. ruial
for analytial and numerial theory of vauum partile aeleration.
I. INTRODUCTION
Reent developments in laser tehnology [1℄ resulted in ultrashort eletromagneti pulses, whih may ontain only
a few optial yles and an be foused down to a single wavelength leading to the so-alled λ3-regime. In addition,
there was a tremendous experimental progress in arrier-envelope-phase (CEP) ontrol of these ultrashort laser pulses
allowing to synthesize almost arbitrary pulse shapes [2, 3, 4℄. Appliations for these well ontrolled laser pulses range
from oherent attoseond ontrol [5℄ to high-gradient eletron aeleration [6, 7, 8, 9℄ and generation of ultrashort
oherent X-ray ashes [10, 11, 12, 13℄. At the same time, numerial studies demonstrate the importane of orret
analytial desription of laser pulses in vauum [6, 7℄. It was shown, that even weakly inaurate solutions of Maxwell
equations an lead to largely erroneous results when applied blindly to, e.g., diret partile aeleration by the laser
elds. Clearly, there is a demand for aurate analytial desription of these pulses.
As in the ase of strongly foused pulses [14℄, the vetorial harater of light beomes ruial for few-yle pulses.
There is a signiant interdependene between the pulse shape and the polarization that requires areful analysis. We
demonstrate that not all eld strutures oneivable in 1D models an be realized as nite energy, loalized 3D wave
pakets. Commonly used approximations are onsistent for a ertain hoie of the arrier envelope phase (CEP) only.
When trying to onstrut laser pulses starting from a given shape for the transverse eld omponent, one easily ends
up with a pulse inonsistent in the 3D geometry. Our method to onstrut onsistent 3D eletromagneti strutures
is valid for arbitrary CEP ases.
Following the work of Porras [15, 16℄, our approah to the wave equation uses the analyti signal [17℄. We also
onsider the partiularly interesting ase of a radially polarized laser pulse [18, 19℄. Beause of its strong and
purely longitudinal eld omponent on-axis, the radially polarized pulse may beome an important tool for eletron
aeleration [7, 8, 9℄. We provide the proper analytial solutions in a simple manner, whih is partiular onvenient
for use in numerial simulations.
Finally, we let the solutions undergo some aurate numerial tests. Any signiant errors in the solution would
show up while they are propagated by the eld solver. Compared to more onventional approximations, the new pulse
desription dereases eletromagneti artefats drastially at the pulse initialization stage, and the self-onsistent
development of the pulse elds agrees with the analytial desription in ases, where more onventional approximations
fail.
II. SECOND POTENTIAL REPRESENTATION
An eletromagneti pulse an be represented by its four-potential Aα = (φ,A), where eah omponent satises the
vauum wave equation Aα = 0. We use the Lorenz gauge ∂αA
α
=0 and further set the salar potential to zero φ = 0,
whih an be done in vauum. Then, the elds are written as E = −c−1∂tA and B = ∇×A. We are interested in
nite energy pulse-like strutures, so that A is required to be a loalized funtion: |A| → 0 for r → ∞. It is easy to
see that the pulse potential is uniquely dened now, sine eah hange of A generates measurable eletri or magneti
elds. Beause of φ = 0, the Lorenz gauge oinides with the Coulomb gauge in vauum ∇ ·A = 0.
In laser physis, it is ommon to hoose an analytial solution to the wave equation for the main, i.e. transverse
omponents of the pulse. Then the longitudinal omponent an be determined: Az =

∞
z ∇⊥ ·A⊥dz. However, this
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Figure 1: Logarithm of the square transverse magneti eld log
10
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2
´
in the y = 0 plane resulting from an ultrashort,
linearly polarized, (a) sine- and (b) osine-phased Gaussian potential. The pulse duration is cτ = 0.5 λ and foal spot width
σ = 2λ.
integral an yield a non-vanishing longitudinal potential omponent far from the atual pulse region, sine ommonly
used solutions to the wave equation do not satisfy the ondition
 ∞
−∞
∇⊥ ·A⊥dz != 0 (1)
for ultrashort pulses. Note that this omponent is not meaningless but will ause non-zero longitudinal eletri and
transverse magneti elds, an example of whih is shown in Fig. 1b. These elds have a small amplitude of the order
O ((c/ωσ)2), but sine they extend innitely along the beam axis, they ontain an innite amount of energy.
To get a realisti nite energy pulse, our hoie of the transverse vetor potential is restrited by Eq. (1). This
is a fundamental dierene to the 1D ase, where suh a restrition on the wave form does not exist. Before the
onsequenes of this restrition are disussed in detail, let us introdue the seond potential Ψ, whih enables us to
desribe a reasonable set of realisti pulse strutures in a more onvenient way:
A = ∇×Ψ (2)
Of ourse, eah omponent of Ψ has to satisfy the wave equation ∆Ψi − 1c2 ∂2tΨi = 0. Then, the wave equation for A
and the Coulomb gauge readily follow from Eq. (2) and there are no restritions like (1) on the hoie of the seond
potential omponents.
For a large lass of laser pulses, it is onvenient to hoose eˆz ·Ψ = 0. Then Eq. (2) beomes Az = −∇⊥ · (eˆz ×Ψ)
and A⊥ = eˆz × ∂zΨ. In the near-monohromati ase ∂z ∼ −iω/c we get eˆz × Ψ ≈ icA⊥/ω, hene in the long
pulse limit the transverse seond potential (TSP) eˆz×Ψ is, exept for a onstant fator, idential with the transverse
omponents of the vetor potential.
Let us point out that eah eletromagneti pulse in vauum an be represented by the TSP. This is easily seen,
sine the seond potential an be obtained by taking the integral eˆz × Ψ =

∞
z
A⊥dz
′
from an arbitrary vetor
potential in Coulomb gauge. To make the representation unique, we require the ondition |Ψ| → 0 for |r| → ∞ in
the half-spae x > 0, so that Ψ⊥ is unambiguously given by the just mentioned integral. Then, for a vast lass of
laser pulses inluding all linearly, irularly and radially polarized modes, Ψ will vanish at innity in all diretions.
To understand this, we write the integral ondition (1) in terms of the TSP:
∇⊥ ·
(
eˆz × Ψ|z=−∞
)
= 0 (3)
3In general, it possesses non-trivial solutions, orresponding to strutures, where the elds produed byΨ at z → −∞
vanish, but Ψ itself does not. However, we look at important speial ases. For linear polarization (Ψx = 0), Eq. (3)
has obviously none but the trivial solution. Thus, all nite energy, linearly polarized pulses an be represented by
a loalized TSP. The same is true for irular polarization, whih we dene by Ψy = iΨx, and the omponents
are assumed to be analytial funtions. Eq. (3) then only has solutions of the type Ψ(x + iy), so there is no non-
trivial solution that fullls the boundary ondition. Another interesting struture is the radially polarized pulse
(eˆz ×Ψ = f(r⊥, z, t)r⊥), and again there is no non-trivial nite energy solution to (3) obeying its symmetry.
Summarizing, for eah realisti linearly, irularly or radially polarized pulse, the ondition eˆz × Ψ|z=−∞ =

∞
−∞
A⊥dz
!
= 0 on the transverse vetor potential must be fullled. Commonly used analytial wave paket solutions
stritly fulll this ondition only for a ertain hoie of the CEP. Take, for instane, a pulse with a Gaussian longitudinal
prole, Ay(x = 0, y = 0, z, t = 0) = a0 exp
[−(z/cτ)2] cos(2piz/λ), then |Ψy(z = −∞)| /(a0λ) = pi−1/2τ exp (−τ2) 6=
0, meaning that some eld omponents would extend to innity as in Fig. 1b. Unlike the osine-phased Gaussian, the
sine-phased potential may in priniple be assigned to Ay, as the integral vanishes here (see also Fig. 1a). Assigning
an exat Gaussian prole to the transverse eletri eld instead does not help. Indeed, by alulating the seond
potential of suh a pulse it an be proven that this struture does not exist for any phase.
Other than for linearly, irularly or radially polarized pulses, for the azimuthally polarized pulse eˆz × Ψ =
f(r⊥, z, t)eˆϕ the TSP representation not have to vanish as z → −∞. Notie that this pulse does not produe
any longitudinal eld at all. Anyway, it an neatly be represented by the longitudinal omponent eˆz ·Ψ instead of
the transverse omponents of the seond potential.
III. SCALAR WAVE EQUATION
Now we ome to the solution of the salar wave equation on Ψ. The Fourier transform in time and the transverse
diretions yields ∂2z Ψ˜ = −((ω/c)2 − k2⊥)Ψ˜, with the solution
Ψ˜(x,k⊥, ω) = Ψ˜
∣∣∣
z=0
exp
(
−iz
√(ω
c
)2
− k2
⊥
)
(4)
Next, the foal spot prole Ψ˜(z = 0) has to be hosen in a physially reasonable way. Besides the very ommon linearly
polarized Gaussian mode TEM00, we also treat the very interesting radially polarised Hermite-Gaussian mode TM01.
Further we will takle the 2D solutions, whih dier in some fators from the 3D ones. Knowing the salar solution
for the TEM00 mode, we an easily onstrut irularly polarized Gaussian pulses by setting Ψy = iΨx, and moreover
azimuthally polarized pulses by assigning the same term to the longitudinal omponent eˆz ·Ψ of the seond potential.
Let ψ(t) be the pulse time dependene at the enter of the foal spot and ψ˜(ω) its Fourier transform. The foal
spot size may depend on the frequeny:
(
eˆz × Ψ˜
∣∣∣
z=0
)
= ψ˜(ω) exp
[
−
(
r⊥
σ (ω)
)2]{
r⊥ TM01
eˆx TEM00
(5)
Now, the transverse diretion Fourier transform of (5) is inserted into the solution of the wave equation (4). Sine
we onsider pulses propagating mainly in one diretion (c2k2
⊥
≪ ω2), we expand the square root in a Taylor series
and neglet fourth order terms:
√
(ω/c)
2 − k2
⊥
≈ ω/c − ck2
⊥
/(2ω), performing the paraxial approximation. If now
σ ∝ 1/√ω is assumed, so that the Rayleigh length zRl = ωσ2/2c is onstant for all frequenies, we are able to arry
out the inverse Fourier transform analytially and obtain the solution
eˆz ×Ψ (r, t) =
(
zRl
q
)g
ψ
(
t− z
c
− r
2
⊥
2cq
){
r⊥ TM01
eˆx TEM00
(6)
Here g = 1 for a linear (g = 0.5 in 2D) and g = 2 for a RP (g = 1.5 in 2D) laser and q = z + izRl is the onfoal
parameter. ψ is a omplex representation of the time dependene of the pulse. Note, that sine t′ = t− z/c− r2
⊥
/2cq,
it is generally a omplex number. Choosing naively ψ(t′) = exp
(−t′2/τ2 + i(ω0t′ + φ)) yields a solution diverging
for big r⊥ as O(exp(r4⊥)). Instead the analyti signal [17℄ should be used, as suggested by Porras [15℄. The analyti
signal is the omplex representation of a real signal without negative frequeny omponents. The analyti signal
representation of the Gaussian pulse g(t′) = exp(−t′2/τ2) cos(ω0t+ φ) is alulated to be
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Figure 2: Diret omparison of a two dimensional ut through the omplete short-pulse solution (6) using (a) the naive hoie
ψ(t′) = exp
`−t′2/τ 2 + i(ω0t′ + φ)
´
and (b) the analyti signal Eq. (7). Pulse parameters are: cτ = 0.5 λ, σ = 2λ, ct = −10λ
(before fous)
ψ (t′) = ψ0
e−τ
2
2
(
eiφw
(
t′
τ
− iτ
)
+ e−iφw
(
t′
τ
+ iτ
))
(7)
wherein τ = ω0t/2 and w (z) = exp(−z2)erf(−iz) is the omplex error (or Faddeeva) funtion [20℄. The analyti signal
of the Gaussian pulse was also alulated in [15℄, but Eq. (27) from [15℄ disagrees with (7) for Im(t′) 6= 0. Analytial
and numerial tests show, that (7) is the orret solution. To illustrate the meaning of (7) and its dierene to the
naive hoie ψ(t′) = exp
(−t′2/τ2 + i(ω0t′ + φ)), onsider Fig. 2. In the region near the optial axis, Im(t′) is small
and the solutions agree quite well. However, for bigger r⊥ the naive solution (b) diverges, while the analyti signal
shows a proper beam-like behaviour and vanishes.
IV. NUMERICAL TESTING
The equations (2), (6) and (7) together form the key to aurate analytial and numerial representation of ultra-
short few- and even single-yle eletromagneti pulses. One important appliation of them is the use in numerial
simulations and we will onlude this paper by showing their superiority to more onventional representations for this
appliation, thereby heking the orretness and the auray of the analytial results obtained so far.
We use the partile in ell (PIC) ode VLPL [21℄. To begin with, the elds are initialised inside the VLPL simulation
grid. Then they are propagated using a standard algorithm on the Yee-mesh. Finally, it is veried if the numerially
propagated pulse still agrees with the analytial term, overall or in some key parameters, and furthermore, if unphysial
stati elds remain at the plae, where the pulse was initialized.
First we hek the orretness of Eqs. (6) and (7), proving their superiority to a onventional representation often
used for numerial simulations. The onventional, or separable form is a simple produt of a monohromati,
transversely Gaussian beam with a Gaussian temporal prole. Cirularly polarized pulses are used, so that the shape
an well be seen in the intensity plots, with a duration of cτ = λ and a foal spot width of σ = 2λ. The pulses are
foused over a distane of 50λ inside the simulation. In Fig. 3 the initial ondition and the numerially propagated
solution at the foal spot are shown. While the produt approximation shows strong asymmetri deformation in the
fous and the foal eld does not reah its speied value of a0 = 1, the proper short pulse solution is nearly perfetly
symmetri in the fous and reahes the desired maximum. The presented solution Eqs. (6) and (7) is learly superior
to the simple produt approah.
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Figure 3: Fousing properties of dierent approximations of the wave equation, evaluated in a 2D version of the PIC ode
VLPL. (a) and (b) show the intensity distribution as it is initialised inside the ode and () and (d) show the propagated
solution at the foal spot. (a) and () use the CW paraxial solution multiplied with a temporal prole, (b) and (d) the orret
short pulse solution. The irularly polarized laser pulses are Gaussian both in spae and time with duration cτ = λ and width
σ = 2λ.
Now we ome to the seond potential representation. The alternative to its use is to assign arbitrary wave equation
solutions to the transverse omponents of the vetor potential and then make some kind of approximation for the
longitudinal part. The simplest possibility is to fully neglet the longitudinal eld omponent, but for strongly foused
pulses a somewhat more reasonable approximation an be reahed by hoosing Az = (c/iω0)∇⊥ ·A⊥, what we will
all the quasi-monohromati approximation, beause it relies on ∂z ∼ −iω0/c. Using one of these approximations,
the initial pulse struture has nite energy, and beause of the energy onserving property of the eld propagator
algorithm, the pulse will be fored to self-organize into a onsistent struture of nite extension. While this happens,
virtual harges are left behind, unphysial stati elds, whih may make the onerned regions in the simulation
domain unusable for further omputations. We want to see, if this problem an be ured by the use of the seond
potential representation.
When employing the seond potential representation for an ultrashort pulse, the additional derivative will slightly
alter the pulse shape. As shown before, this is inevitable, sine a Gaussian shaped linearly polarized vetor potential
an exist as an independent struture in vauum only if it is sine-phased. To make the TSP represented pulse
omparable to the onventional one, it is neessary to take are for the frequeny shift aused by the z-derivative,
6x
/λ
(a)
 
 
−5 0 5
−10
0
10
(b)
−5 0 5
−10
0
10
z/λ
x
/λ
(c)
−5 0 5
−10
0
10
z/λ
(d)
−5 0 5
−10
0
10
−8
−7
−6
−5
−4
−3
−2
−1
0
Figure 4: Logarithm of the transverse ((a) and (b)) and longitudinal (() and (d)) square eletri eld log
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, i ∈
{x, z} after a propagation time ct = 10 λ. (a) and () depit the onventional, (b) and (d) the TSP Gaussian. Pulse parameters
are cτ = 0.3 λ and zRl = 4pi
2 λ. For the seond potential, a orreted frequeny ω′0 = ω0 −
√
2/τ was used to take aount for
the frequeny shift aused by the additional derivative.
whih an be estimated as ω
e
= ω0 +
√
2/τ .
Fig. 4 shows the pulses after a short propagation distane in the PIC simulation box. Firstly one observes that,
despite of the very short duration, the moving pulse strutures (right half of the images) appear very similar in
the onventional and the TSP version. Seondly one noties, that the onventional pulse leaves behind a signiant
amount of virtual harge elds in the initialisation region (left half of the images), having both a longitudinal and a
transverse omponent. This undesired phenomenon an neatly be suppressed by the use of the seond potential, seen
in the gure.
The last test we want to present in this paper onerns the longitudinal eld omponent on the optial axis of a
radially polarized pulse, whih is of partiular interest for vauum eletron aeleration [7, 8, 9℄. The pulse length
used was cτ = 0.5λ, and the foal spot size σ = 2λ. Again, the onventional approah orresponds to a near-
monohromati approximation Ax = i∇⊥ ·A⊥/ω, so as to generate a nite pulse struture from the given transverse
eld omponents. The phase φ in Eq. (7) was hosen as φ = 0 for the seond potential representation and as φ = 0.5 pi
for the onventional representation, so that the pulses are atually omparable. Initially, the longitudinal eld nearly
agrees for both representations, sine the rst term of Eq. (7), whih is the dominating one, is the same in both ases.
In gure 5 we present the longitudinal eld of the pulse after it has left its virtual harges behind. The elds
initialized using the onventional representation already dier signiantly from the analytial desription, whereas
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Figure 5: The longitudinal pulse eld in PIC at the time c(t− t0) = 4λ after initialization, ompared to the analyti solution.
One the TSP was used for initialization (blue line) and one the near-monohromati approximation for Az. The dierenes
in the analytial representations are too small to be seen in the diagram, so that both are represented by one urve (dashed
blak line). Pulse parameters are: cτ = 0.5λ, σ = 2λ,
the TSP represented elds agree almost perfetly. This will be ruial e.g. when PIC simulations are to be ompared
with other analytial or semi-numerial alulations, where the eld is inserted analytially and is not self-onsistently
propagated. Without an exat and reliable pulse representation, suh a omparison is hardly possible.
V. CONCLUSION
In this paper we have given a omprehensive guide to the mathematial representation of ultrashort, Gaussian
and related, eletromagneti pulses. The wave equation for an ultrashort Gaussian pulse has been solved in paraxial
approximation. Further it has been shown, that the vetorial harater of light has a stringent inuene on its
eld struture for ultrashort pulses. To pay regard to this, ultrashort pulses should be represented by their seond
potential, using the transverse omponents for linear, irular or radial polarization and the longitudinal omponent
8for azimuthal polarization. Numerial tests proove that the solutions awlessly work in the regime of ultrashort,
moderately strong (σ & λ) foused pulses.
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